Waveform deformation of volcanic infrasonic waves propagating long distances through thermospheric ducts is discussed. Ray tracing using a realistic atmospheric model including the vertical variation of temperature and mean wind has been performed. Burgers' equation, modified to include the effects of spreading of the sound wave, density stratification, and mean wind, is solved numerically along the computed ray paths to obtain the waveform deformation of the infrasonic waves propagating through the thermospheric duct. The effect of the caustic at or near the turning point is also taken into account.
Introduction
Infrasonic waves generated by the explosions of the volcano Sakurajima have been observed at Kariya located approximately 700km to the east-north-east from the volcano, and their characteristics have been investigated by Tahira (1988) . The usual waveform of the volcanic infrasonic signals observed at Kariya is a long wave train sometimes lasting over a minute (Tahira, 1982) . However, when the infrasonic waves are reflected in the thermosphere, the signals from the volcano Sakurajima are sometimes observed at Kariya as a transient wave with one or two oscillations of a much longer period (Tahira, 1988 Society of Japan been classified by their waveform into three types as shown in Fig. 4 (a)-(c) in Tahira (1988) . Ray tracing analysis has shown that the first two types of the transient signals propagated to Kariya after two repeated reflections between the lower thermosphere and the ground, and the third one after three reflections. A noticeable feature of all these transient signals is that their characteristic frequency is as low as 0.08Hz, while that of the waves detected near the crater is about 0.4Hz. In the present paper, the mechanism of such deformation of the infrasonic signals in the thermosphere will be studied by numerical methods. The stretching of the sound wave is a consequence of nonlinear effects caused by the amplitude growth of the wave as it propagates into the low density region in the thermosphere. At the same time, dissipation processes in the upper atmosphere limit the wave growth. For the case of a plane wave in a uniform medium, the wave deformation under the effects of weak nonlinearity and a dissipation process can be described by Burgers' equation (Pierce, 1981) . Rogers and Gardner (1981) have extended Burgers' equation to the case of spreading waves in a horizontally stratified atmosphere by introducing the Blokhintzev parameter as a dependent variable. They included also the effect of caustics, and computed the ageing, or the stretching and amplitude change, of the sonic booms from the supersonic Concorde as they propagated in the thermosphere.
However, in order to treat the problem analytically, some simplifications were necessary in Rogers and Gardner (1981) . First, the atmosphere has been assumed to be made up of two layers, one with constant temperature and the other with constant sound speed gradient over the isothermal layer. Furthermore, the effect of the wind has been entirely neglected. Because the nonlinearity grows rapidly in the thermosphere, the total ageing depends strongly on the reflection height of the ray, so that the introduction of a more realistic atmospheric model is necessary for the interpretation of the observed nature of the infrasonic signals. The second simplification is to neglect either the nonlinear term or the dissipation term, without including both terms simultaneously. This could be a cause of error especially around the crossover level where both terms and comparable in magnitude. In the present paper the problem will be treated numerically without such assumptions as in Rogers and Gardner (1981) . A realistic profile of the atmospheric temperature and wind including the effects of solar atmospheric tides will be assumed, and the ageing of the infrasonic waves generated by the volcanic explosions will be computed along the thermospheric rays for initial conditions which match the observed characteristics near the crater. The results will be compared with the observed waveform at Kariya (Tahira, 1988) taking into account the characteristics of the infrasonic sensor.
Modified Burgers' Equation
One-dimensional propagation of sound waves in a homogeneous medium under the effect of weak nonlinearity and dissipation is expressed by Burgers' equation (e.g. Pierce, 1981);  where u is the perturbation velocity, * the thermodynamic constant defined by (*+1)/2, and * being the ratio of the specific heats of the medium. * is the acoustic dissipation coefficient written as where *0 is the undisturbed density, * the coefficient of molecular viscosity, *B the bulk viscosity which is equal to 0.60* in air (Temkin, 1981) , * the thermal conductivity, and cp the specific heat at constant pressure of the medium. The independent variables of eq. (1) are the time t and the distance l from a point moving at the speed of sound with the wave. The nonlinear effect is expressed in the last term on the left hand side of eq. (1). When the wave amplitude is finite, the wave speed is determined by the perturbed state and each portion of the wave travels at a speed depending on the perturbation, thus producing the advection speed given by *u when viewed in the coordinate moving at the speed determined by tine ambient state. Other effects such as dispersion and turbulent diffusion are not included in eq. (1).
To extend the problem to the two dimensional propagation in a temperature-and wind-stratified atmosphere, we assume that the nonlinearity is small enough to allow the treatment of geometric acoustics and apply Burgers' equation along the ray path by changing the independent variable from (t, l) to (s, *) where VII is. the horizontal phase velocity which remains constant for any specified ray. Using eqs.
(4), (6), and (7), the Blokhintzev variable is rewritten as with n and k being the unit vectors in the direction of wavefront normal and horizontal, respectively, * is the angle between n and the vertical. The effects of spreading of the ray tube and density variation are included by replacing the dependent variable in the derivatives in eq.
(1) by the Blokhintzev variable V, (Blokhintzev, 1946) as was given by Rogers and Gardner (1981) . The Blokhintzev variable for the sound propagation including wind is written (Pierce, 1981) Given the height dependency of c and U, the ray tracing can be performed and the parameters such as *0, AH and * are determined as a function of s Then the coefficients R1 and R2 in eq. (9) are determined, and eq. (9) is solved under suitable boundary conditions, thus giving V as a function of s and *. The results are translated to the variation of the perturbation velocity using eq. (8), * to the perturbation pressure p with the relationship p=*0cu.
Computation Scheme and Its Test
Burgers' equation is known to be converted to a diffusion equation by a nonlinear transform of the dependent variable called the Hopf and Cole transform (e.g. Tatsumi, 1982) , and this provides a useful approach to this problem. However, some complexity remains in the treatment at caustics since the transform is required every time the ray grazes a caustic. Another approach is to integrate eq. (9) numerically. As a stable and accurate computation of the nonlinear term has been made possible by the development of the computation schemes, we adopt the numerical method here. One of the merits of the numerical method is that the nonlinear and dissipation effects are evaluated separately.
To compute the nonlinear term the LaxWendroff scheme (e.g. Anderson et al., 1984) has been used. In combination with the Lax-Wendroff scheme, a device called the FluxCorrected Transport (FCT) has been applied which is effective in suppressing the spurious oscillations due to numerical instability yet retains the sharp pressure gradient in the wave profile (Boris and Book, 1973) . The algorithm of the Lax-Wendroff method in combination with FCT (Book et al., 1975 ) is given in the appendix. The dissipation term is stably computed with a conventional finite difference method, if *s is suitably chosen.
For the purpose of testing the scheme, the problem was solved analytically by introducing some simplifications and the results were compared with the numerical solutions. Neglecting the dissipation term, and assuming an isothermal and windless atmosphere, eq. (9) becomes the inviscid Burgers' equation; with This is the case that Rogers and Gardner (1981) discussed for the lower part of the atmosphere, and the analytical solution is available as follows.
If the initial waveform is N-shaped, the solution is also N-shaped as shown in Fig. 2 with peak values *V* and duration 2*p, where
Here, *0 and V0 are initial values of *p and VP, respectively, and * is the ageing parameter defined by
Under the assumption of hydrostatic equilibrium and spherical spreading of the wave, the variation with altitude of the ratio of the perturbation pressure to the undisturbed one p/P0 and basic frequency 1/(2*p) of the N-wave have been computed, and the results are shown by the solid lines in Figs. 3(a) and (b), respectively. The ray has been assumed to start from a point source at an altitude of 1km at a zenith angle of 45* and the initial condition was given such that the peak perturbation pressure be 100Pa and *0=1 sec at an altitude of 5km.
The numerical results are shown by the dots in the figures. Here the increment * has been kept constant (0.05sec) all through the ray. On the other hand, the spatial increment *s has been varied depending on the magnitude of the nonlinear term. As the nonlinearity is small in the lower part of the atmosphere, a relatively large spatial increment is allowed. As the ray goes up to higher altitudes, however, the magnitude of the nonlinear term increases and a smaller increment *s must be chosen. Thus, the value of * s has been set to be 707m below 60km, and then gradually decreased with altitude, down to 25m, for example, at 120km. The perturbation pressure obtained by the numerical method is slightly smaller than the analytical value in the lower atmosphere, but the difference is within 5%. The results for the frequency of the wave also show the validity of the adopted numerical scheme. Figs. 3(a) and (b) also show the results of the numerical approach including the effect of dissipation by the open circles, from which we see that the effect of dissipation is appreciable only in the height range above 100km.
Ray Tracing and Simulation of the Effect of Caustics
To solve the modified Burgers' equation (9), the acoustic ray tracing has been performed after the procedure given by Pierce (1966) and Thompson (1973) . The atmosphere is assumed to be horizontally stratified, and a realistic vertical distribution of the temperature and wind has been assumed including the effect of solar atmospheric tides. The wind component perpendicular to the direction of propagation is not essential to the problem, so that it is ignored here. Detailed descriptions of the assumed profiles of mean temperature, zonal wind and tidal components have been given in the previous paper (Tahira, 1988) . Fig. 4 shows examples of acoustic rays from the volcano Sakurajima to Kariya at horizontal distance of 710km. The "infrasound" waves are shown to propagate along two ray paths, one reflected twice in the thermosphere (two-skip path shown by the solid line) and the other three times (three-skip path shown by the dashed line). Generally, at or near the turning point such as A1, A3, B1, B3 and B5 in Fig. 4 , the ray grazes a caustic (Pierce, 1981) . One of the effects of the caustic is that the phase of each Fourier component is shifted by */2 (Pierce, 1981; Tolstoy, 1968 Thus, the three-skip waves should have a different waveform from the two-skip ones because of the additional phase shift.
Results and Discussion
The numerical integration was started from the altitude of 5km along the acoustic ray. The start point is shown by S and S' in Fig. 4 for the two-skip and three-skip ray, respectively. The initial waveform is given by a typical one detected at the Sakurajima Volcanological Observatory (SVO) located 5km from the crater (Tahira, 1988) . The peak amplitude at SVO is usually a few hundred Pa, but sometimes exceeds 500Pa. Then, if we assume isotropic radiation of the explosion energy, the corresponding peak amplitude at the start points S and S' is presumed to be 10 -100Pa. These values are based on the facts that the amplitude is generally doubled in the ground-based observation because of the superposition of the direct and reflected waves, and that the distance of the start point S from the crater is approximately twice as long as SVO, and also that the air density at SVO is 1.7 times that at the 5km level. The change in the pressure perturbation p/P0 along the ray path S -A1 in Fig. 4 is plotted in Fig. 5 for the case of an initial amplitude of 50 Pa. The pressure perturbation first decreases until the wave reaches the altitude of 10km, then it increases rapidly, reaching 0.05 at the turning point at 110km altitude. Because the pressure perturbation does not exceed 0.05, the nonlinearity is small throughout the ray and the assumption of linear propagation of the wave is met fairly well. However, it should be noted that the small effect of the nonlinearity is cumulative and may bring about a considerable deformation in the waveform. Fig. 6 shows the whole history of the wave deformation from the start point S to the destination K along the two-skip ray shown in Fig. 4 . The time marks are given at 1sec intervals and the amplitude scale is arbitrary. Fig. 6(a) shows the assumed waveform at the start point S, Fig. 5 . Computed variation of the pressure perturbation p/P0 along the path from S to A1 indicated in Fig. 4 , for the initial peak amplitude of 50Pa. with peak amplitude of 50Pa. As the pressure pulse propagates to the upper atmosphere the increasing nonlinearity acts in such a way that the positive peak travels a little faster than the whole packet, whereas the travel speed of the dip is a little slower, and the pulse is stretched gradually. By the time the pulse reaches the first turning point A1(z = 111.1km), the wave has a waveform like an N-wave with two shock fronts separated by 10.4sec as shown in Fig. 6(b) . The leading and rear shock fronts in (b) correspond to the large positive peak and the main dip in (a), respectively. At the turning point the pulse grazes a caustic and undergoes a */2 phase shift as discussed in the previous section. Applying the filter with a weighting function given by eq. (18) alters the waveform from an N-wave to a U-wave as shown in Fig. 6(c) . The ageing continues along the downward ray path from A1 to A2 in Fig. 4 , and the wave again approaches an N-wave, acquiring a waveform shown by Fig. 6(d) at the ground point A2. However, the stretching of the wave is not conspicuous any more. This is partly because the nonlinearity is not very strong at this stage as the wave amplitude is already reduced considerably due to the attenuation processes such as spreading loss, viscous dissipation and heat conduction. Furthermore, once the second positive peak in (c) overtakes the preceding negative peak which travels slowly, a rear shock front as in (d) is formed, and the speed at which this front shifts to the rear side is rather slow because a shock front travels at a speed given by the average between just before and after the front (Anderson et al., 1984) . Thus, the major stretching of the wave generally takes place along the first upward leg of the ray path. Fig. 6(e) shows the waveform at the second turning point A3, and Fig. 6(f) is the resulting waveform from a */2 phase shift there. The waveform at the destination K is shown in Fig. 6(g) .
The waveform at Kariya is characterized by a round dip between two positive pressure peaks. The large second positive peak in Fig. 6 (g) can be traced back to the main dip in the initial waveform shown in Fig. 6(a) . On the other hand, the leading shock front in the initial waveform corresponds to the smaller positive peak in the waveform (g). The time between the two positive peaks in the waveform (g) is 12.2sec and the effect of nonlinear stretching is obvious. Experiments have been carried out for various source waveforms, source amplitudes, and reflection heights. As a result, different values of the 'period' and amplitude of the wave at point K have been obtained, but the basic characteristic of the waveform with two positive peaks and an intervening round dip as shown in Fig. 6(g ) remained unchanged.
The history of the waveform along the three-skip ray is discussed with Fig. 7 . The source condition assumed at the point S' in Fig. 4 is the same as for the two-skip ray. The waveform at point B4 (indicated in Fig. 4) is shown in Fig.  7(a) , which is quite similar to that in Fig. 6(g) . By the time the wave goes up to the third turning point B5, the second positive peak progresses slightly leading to the waveform in Fig. 7(b) . There, the wave undergoes the phase shift of */2 due to the passage of the caustic for the third time, changing the waveform to Fig. 7(c) . The final waveform at the destination K is shown by Fig. 7(d) which is characterized by a large positive peak between two small dips. As illustrated above, the intrasonic waveform at the. ground level differs remarkably depending on how many times the wave has experienced the caustic at the reflection height in the thermosphere; Fig. 6(g) and Fig. 7(d) show the typical waveform of the volcanic infrasonic waves at the ground which have grazed the caustic twice, and three times, respectively.
The computed waveform does not agree with the observed one for the infrasonic waves from the explosions of the volcano Sakurajima, as given in Figs. 4(a), (b) and (c) in the previous paper (Tahira, 1988) . Such disagreement can be explained taking into account the distortion due to the frequency characteristics of the infrasonic microphone.
As described in the previous paper (Tahira, 1988) , the amplitude response of the microphone roughly corresponds to a simple RC where *(t) is a Dirac Delta function. The phase shift of the microphone as calibrated by the present author is larger than that of the RC highpass filter given by eq. (19). Therefore, in order to represent the phase characteristics of the microphone satisfactorily, it is necessary to introduce an additional phase filter with response function; The corresponding weighting function for the filter H2 is, Application of the filters H1 and H2 to the wave in Fig. 8(a) , which is the duplicate copy of the wave shown in Fig. 6(g ), alters its waveform as shown in Fig. 8(b) . This is in good agreement with that of the observed waves classified as type I in the previous paper (Tahira, 1988) , as shown by the typical example in Fig. 8(c) . The peak amplitude of the computed wave in Fig. 8(b) is 0.26 Pa, while the average value for the observed waves of type I is also 0.26Pa (Tahira, 1988) . Taking into account the fact that the amplitude is doubled in the ground based observations, the computed amplitude should be somewhat larger than the average of the observed ones, but the difference is small. Even if the computed amplitude is doubled, it would be well within the range of the variation of the observed ones. The characteristic period defined by the time difference between the two dips is 12.6sec for the computed wave shown in Fig. 8(b) , which is equal to the average of the observed value 12.6 sec for the waves of type I (Tahira, 1988) . Thus, the numerical solution shown in Fig. 8(b) represents the observed characteristics of the waves of type I quite well.
A similar discussion for the three-skip waves is given using Fig. 9 . Fig. 9(b) shows the output of the filters H1 and H2 applied to the wave at the destination K after a three-skip propagation as shown by Fig. 9(a) , which is the same as the one shown in Fig. 7(d) . A typical waveform of the observed waves at Kariya classified as type III is shown in Fig. 9 (c) and the computed waveform agrees well with the observed one. The peak amplitude of the computed wave is 0.06Pa, which is slightly larger than half the observed value of 0.1Pa. The characteristic period as defined by the time between two round positive peaks is 10.3sec for the computed wave, which is somewhat smaller than the average for the waves of type III (15.8sec). The disagreement is (c) is a typical waveform observed at Kariya and classified as type III in Tahira   (1988). partly due to the fact that in many instances it is not easy to find the exact peak points of the small and round protuberance in the observed waveform because of the low S/N ratio.
In the present paper, propagation of infrasonic waves in the thermospheric duct has been studied applying modified Burgers' equation along the acoustic ray paths from the volcano Sakurajima to Kariya including the effects of weak nonlinearity, dissipation due to molecular diffusion, phase shift at caustics, spreading of the ray tube, and effects of vertical variation of the air density and wind. Many of the observed infrasonic waves with characteristic waveforms classified as I and III in the previous paper (Tahira, 1988) are explained with this model. Here attenuation due to the eddy viscosity and nonlinear interactions with other disturbances or with mean flow were not taken into account. These effects seem to be of secondary importance in the phenomena under consideration since the computed and observed amplitudes are of the same order of magnitude at least for the waves of types I and III.
According to the observation at Kariya (Tahira, 1988 ) the most common waveform for the infrasonic signals from the volcano Sakurajima is a wave train lasting over a minute or so. The model treated in this paper cannot explain these wave train signals adequately. An approach to this problem would be to include a dispersion effect. Furthermore, the infrasonic data at Kariya show some transient waves which do not fit into the categories I -III very well. As most of them are recorded together with wave train signals, incorporation of dispersion effects to the model will be necessary. These problems are left for future studies.
Concluding Remarks
The waveform deformation of infrasonic waves propagating through the thermospheric acoustic duct has been studied by solving the modified Burgers' equation numerically. The effects of nonlinearity, dissipation processes, spreading of the waves and stratification of the atmospheric density have been taken into account. The effect of nonlinearity is assumed to be small enough to allow the application of the linear acoustic theory, and the two-dimensional acoustic ray paths have been computed for a realistic atmospheric model including the vertical variation of the temperature and wind component in the direction of propagation. Burgers' equation has been extended to describe the two-dimensional propagation including the effects of spreading of the ray tube and density stratification has been solved numerically along the rays from the volcano Sakurajima to Kariya, at the horizontal distance of 710km. The boundary condition has been based on the explosion shocks observed near the volcano. The * /2 phase shift at the caustics has been taken into account by applying an appropriate phase filter every time the ray grazes the caustic.
The computed wave characteristics at the distance of 710km has been compared with the observed ones at Kariya (Tahira, 1988) . Taking into account the frequency characteristics of the infrasonic microphones used in the observations at Kariya, the computed waveform is in fairly good agreement with the observed one. Specifically, the waveform computed along the two-skip ray agrees well with that of the observed waves classified as type I in Tahira (1988) . On the other hand, the result for the three-skip ray explains the reception of the waves of type III at Kariya. The amplitude and period of the waves computed along two-and three-skip rays are also quite acceptable for explanation of the reception of the waves of type I and III at Kariya, respectively.
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Appendix:
Application of the Lax-Wendroff method in combination with FCT (Book et al., 1975) .
One considers a function V(s,*) which satisfies the following equation;
3) Using the values of V(s+*s,*) the following parameters V(s+*s, *) and * (*+*v/2) are computed:
where * is taken to be 1/8.
4) The following quantities S, *(*+*/2) and *(*+*/2) are computed:
When the values of V are known at all the mesh points with intervals * for any given s, the values of V for s+*s are computed by the following procedure. 2) Advance V for the whole step *s to get the tentative values V(s+*s,*):
